We study a possibility of the dynamical formation of traversable wormholes from gravitationally collapsing exotic matter clouds. For generic metric ansatz of exterior spacetimes, a crucial constraint that black holes and wormholes should satisfy is obtained through the junction conditions on the edge. As a result, it is shown that the wormhole geometry cannot be formed by following the usual Oppenheimer-Snyder type gravitational collapse of the exotic matter. Instead, it is also shown that the wormhole geometry immediately appears once the exotic matter is taken into account.
Introduction
The theory of general relativity shows that the matter which experiences a gravitational attraction forms a compact object such as stars or planets through the gravitational collapse process. If a very massive star keeps undergoing an excessive gravitational collapse at the end of its life, then a black hole with a trapped surface called an event horizon is formed at the final stage of the evolution of the gravitational collapse. This is the usual dynamical process of the black hole formation from the gravitational collapse of matters. The first detailed study on the gravitational collapse of the collapsing dust cloud with a spherical symmetry was done by Openheimer and Snyder [1] , in which it was shown that the gravitationally collapsing dust ball forms a Schwarzschild black hole. Subsequently, the issues on the gravitational collapse of matter distributions with different symmetries to different spacetimes in association with the problem of a naked singularity have been extensively studied during the last few decades -see refs. [2, 3] and the references therein on the historical review and the related issues.
On the other hand, the general relativity has the different class of solutions called Lorentzian wormholes, permitting the travel of interstellar journey or even backward time travel to past world. The non-trivial energymomentum tensor configuration called an exotic matter is required to support the minimal surface called a throat of wormhole, violating some known energy conditions -for example, the null energy condition (NEC).
The first challengeable theoretical study of traversable wormholes for the most realistic interstellar travel has been achieved by Morris-Thorne [4] in the context of the general relativity. Afterwards, a variety of wormhole models have been widely studied to date on the related issues including the various solutions of wormholes, the energy conditions, the time-machine, and so on [5] .
As like the case of the black hole formation, one may ask if there is a dynamical process of the wormhole formation, and if any, it is possible to form the wormhole geometry from the graviational collapse of exotic matter cloud. Provided it follows the standard collapse process as like the case of black hole formation, the exotic matter cloud will collapse to a finite minimal surface to form a wormhole geometry but it will never shrink to a zero size within finite collapse time -i.e. no curvature singularity will be formed. However if it does not follow that kind process, it is expected that the wormhole geometry will emerge at the very moment of the existence of the exotic matter in the absence of the collapse process.
In this paper, we shall investigate the possibility of the dynamic formation of wormhole from the gravitational collapse of the exotic matter cloud. Without loss of generality, we shall use the generic form of the exterior metric as
which describes the Schwarzschild black hole solution when F (R) = 1 − 2M /R and H(R) = 1 while it describes the Morris-Thorne type metric ansatz [4] when F (R) = e 2Φ(R) and H(R) = e −2Φ(R) (1 − B(R)/R).
On the edge of the exotic matter cloud, the junction conditions between metrics and extrinsic curvatures at both sides are required,
where
Then we shall investigate how the usual collapse of the exotic matter cloud constrains the metric functions of F (R) and H(R). In section 2, the homogeneous (or inhomogeneous) metric ansatz in the interior coordinate system is considered. Matching this with the generic form of the exterior metric on the edge leads to a constraint equation that the metric function should hold, which gives a condition to be a wormhole geometry. The equation of motion on the edge is solved by imposing this constraint. In section 3, the generic result is applied to the specific wormhole solutions for the phantom energy and the Chaplygin gas.
Finally, some conclusions and discussions on our results are included in section 4.
Generic Properties from Junction Conditions

Homogeneous Interior Space
Let us consider the Einstein-Hilbert action with an exotic matter, 
Note that ρ and p are energy density and pressure, respectively. If the exterior metric is considered as a wormhole geometry, the energy-momentum tensor should be an exotic matter type, violating some energy conditions such as the NEC. The exterior metric is described by the metric (1.1) while the interior space is filled with this matter described by the Friedmann-Robertson-Walker (FRW) metric as 2) and then the equations of motion arė
3)
The conservation of the energy-momentum tensor,
On the other hand, on the edge of the cloud at r = r 0 and R = R(t), the induced metric becomes (ds)
In the interior coordinate system, the basis vectors are found to be 6) with the unit normal vectors are n α = (0, a/ 1 − kr 2 0 , 0, 0) while in the exterior coordinates, one finds
with the unit normal vectors are n α = (−Ṙ/ √ H,Ṫ / √ H, 0, 0). The extrinsic curvature in each coordinate system is given by
and
Thus the matching condition for the extrinsic curvature in eq. (1.2) yields two equations,
The second equation of eq. (2.10) is rewritten asṘ 2 + F H + kr gives a relation,
Therefore, there are two options for q to be constant. The first option is that H(R) should be constant, i.e.,
where α is a constant with α > 0 for which the metric sign is preserved. This clearly urges that the condition violates one of wormhole requirements, no horizon condition, implying that Φ(R) should be finite everywhere, since it diverges at the throat of wormhole at R(t) = R th . Therefore, this option implies that the exterior metric should be a black hole like spacetimes, such as a Schwarzschild black hole with B(R) = 2M . More precisely, the equation of the cloud edge is written aṡ 13) where the effective potential is
where K ≡ q 2 /α can be determined by some appropriate initial conditions. The effective potential has a negative value at the event horizon, so the cloud has a non-vanishing velocity at the horizon. Moreover, since the acceleration can be evaluated toR
15) the evolution will continue inside the horizon only if RB ′ − B < 0. Since this is nothing but a flare-out condition that black holes satisfies, the usual collapse process to the black hole formation holds, for example, a Schwarzschild black hole for B(R) = 2M .
The second option is simply q = 0, which determines k = 1/r 2 0 > 0, implying that the closed interior curvature is the only possible choice. Then the effective potential is
since the metric sign must be preserved. Therefore there exists no real solution of the equation except for the trivial solution of the case for which the effective potential vanishes. This is simply the throat of wormhole since R th = B(R th ), which implies that the clouds will remain stationary at the throat, regardless of its initial state. This is the drastically different feature to the case of black hole formation. On the other hand, if the initial position of the edge is located at R = R th , the effective potential vanishes all the time. Thus the edge remains at rest and the equation of motion has a trivial solution of R(t) = R th , which implies that the wormhole geometry instantly emerges at the very moment of the advent of the exotic matter in the absence of the gravitational collapse process of the matter.
Inhomogeneous Interior Space
Provided we consider more generic interior metric ansatz, describing the inhomogeneous metric by
then the Einstein equations are
20) which is separable. And the conservation of the energy-momentum tensor,
Before solving the equations of motion inside the cloud, we take into account the matching conditions on the cloud edge. Matching conditions for the metric and the extrinsic curvature on the edge as before yield R(t) = a(t)b 0 r 0 and solution as an exterior spacetime metric can be taken into account. In this case, the effective potential has the same form in the previous subsection,
which always has a positive value in the region of R th ≤ R < ∞. Therefore, as analyzed before, the possible solution of the edge cloud supporting the throat of the wormhole is a trivial constant solution that the initial position of the edge should be a throat of the wormhole. Therefore, we conclude that the formation of wormholes is drastically different from the gravitational collapse process of the formation of black holes. The most interesting point is that our study so far is quite generic result that is independent of the specific form of the exterior solution.
Specific Wormhole Solutions
In the following two subsections, we apply our result to two specific choices of traversable wormhole solutions -the phantom energy traversable wormhole and the Chaplygin gas wormhole. Since our result is quite generic, regardless of the choice of the interior metric ansatz, we simply take the homogeneous metric ansatz inside the cloud and study the isotropic pressure case.
Phantom Energy Traversable Wormholes
If we consider the phantom energy whose equation of state, p = ωρ with ω < −1, then we have
Plugging this into the lhs of eq. (2.3), one findṡ
We take a negative sign in the above equation since we want to have a collapse withȧ < 0. At initial time, t = 0, the inside of the squared-root should be non-negative, yielding ρ 0 ≥ 3k/κ 2 a 2 0 . In particular, considering k ≥ 0, it implies the positivity of the energy density, ρ 0 ≥ 0.
In the case of k = 0, when ω = −1, the equation of motion becomesȧ + αa −(1+3ω)/2 = 0 where
/3, which has a general solution of
.
(3.
The solution implies that if ω > −1, describing a matter satisfying the NEC, the scale factor a(t) vanishes at the finite collapse time, t c = 2/ √ 3ρ 0 κ(1 + ω) and the resulting spacetime depends on the choice of the exterior geometry. On the other hand, if ω < −1, describing a phantom energy, the scale factor will remain finite within finite time since
≡ a th → finite, (3.4) where |σ| = −(1 + ω). In other words, since it takes infinite time to have a vanishing scale factor, the phantom energy that supports a traversable wormhole remains in a finite size. For ω = −1, an exact solution is found to be 5) which vanishes at t → ∞.
For k = 1, it is found that there is no real solution except a trivial solution of
For k = −1 the solution is given in the closed form of
where F (a, b, c; x) is a hypergeometric function.
As discussed before, the wormhole solution is possible only for the specific profile of curvature inside the cloud, namely k = 1. Provided we choose a trivial solution, then it is found that this phantom energy wormhole cannot be formed by the usual gravitational collapse process, instead it emerges as soon as the phantom energy appears. Now let us choose a phantom energy wormhole solution for the isotropic pressure, p r = p t = p, suggested in ref. [6] as an exterior metric solution 1 ,
Since we are considering Φ(R th ) = 0 in order to a traversable wormhole with a zero-tidal force, we simply set α = −1/ω, and then the equation for the cloud edge is written aṡ 9) where the effective potential is
which has always positive value since R th < R < ∞. The solution of eq. (3.9) has no real solution besides the trivial solution of R(t) = R th , implying that the wormhole solution cannot be formed through the usual process of the gravitational collapse with spherical symmetry.
Chaplygin Traversable Wormholes
The Chaplygin gas is an imaginary fluid that is believed to offer an replusive force against the gravitational attraction, which was introduced in order to explain the lifting force on a plane wing in aerodynamics [7] .
More interesting features of this gas are that it can be derived from the Nambu-Goto action for d-branes moving in a (d + 2)-dimensional spacetime in light-cone frame [8] and it is, to date, the only fluid that admits a supersymmetric generalization [9] . During the last few years, its cosmological application has been achieved as an alternative candidate of the dark energy (DE) [10] and the unified model of dark matter (DM) and DE [11] . The connections with a variety of observational tests in the context of modern cosmology are shown in refs. [12] . Motivated by the fact that the gas has a negative pressure offering a repulsive force and violates the nulll energy condtion (NEC), traversable wormhole solutions supported by this gas were found [13] .
The equation of state of the generalized Chaplygin gas (GCG) is given by
where A and α are positive constants. Note that α lies in the range of 0 < α ≤ 1 and, in particular, α = 1 correspondes to the Chaplygin gas. the conservation law of the energy-momentum tensor yields by defining x ≡ a/a 0 in the form oḟ and A s = 0.5/1.5), the behavior of the scale factors is illustrated in Fig. 1 . In addition to these solutions, the differential equation has a trivial solution ofẋ = 0, x(t) = x triv. = const., which implies that the edge has no initial velocity and stays at rest. One of these scale factor solutions should be chosen by the solution of the cloud edge from the matching condition, R(t) = r 0 a(t) for consistency.
For the case of isotropic pressure we are considering, p r = p t = p, a wormhole solution supported by the GCG was found [13] in the form of 14) where F (a, b, c; x) is a hypergeometric function, and C 1 and C 2 are integration constants. On the other hand, the particular case of α = 1 (Chaplygin gas) simplifies B(R) to For the case that the NEC holds (0 < As ≤ 1), the scale factor approaches to zero while it is not the case that the NEC violates (As > 1).
where 0 < β < 1. To be a solution of a wormhole, R > B(R) should be satisfied, which yields a very restrictive solution of the wormhole (See ref. [13] on this in detail.) Therefore, the equation of the Chaplygin gas cloud edge is written in the form of eq. (3.9) with the positive effective potential of
Therefore, as discussed before, the given Chaplygin wormhole solution only allows the constant trivial solution of the edge cloud, R(t) = R th .
Discussion
The main interest of this paper is to investigate how the cloud of the exotic matter forms the wormhole geometry, comparing the usual process of the formation of black holes from the gravitational collapse with spherical symmetry. We considered the generic form of the exterior metric and junction conditions on the cloud edge.
Then the equations of motion from appropriate matching conditions lead to a constraint for the metric function in the exterior coordinates.
There are two options which satisfy the constraint equation -one is for the black hole like spacetime as an exterior spacetimes, which cannot be a traversable wormhole since there is an event horizon. The collapsing matter (not exotic type) will form an event horizon, keep contracting toward a point at rest, and finally form a curvature singularity cloaked by the event horizon. Another option is for the case permitting the wormhole geometry. In this case, since the effective potential of the equation of motion for the cloud edge always has a positive value, there is no collapsing real solution for an arbitrary initial condition, instead it allows only a trivial solution that the initial position of the cloud edge is equivalent to the throat of the wormhole and the velocity of the edge vanishes initially. Therefore, if we consider the cloud of the exotic matter, the wormhole geometry instantly emerges in the absence of the gravitational collapse process. The result is quite general one and drastically different feature from the case of the black hole formation, which agrees to the result in ref. [14] in that an arbitrarily small amount of exotic matter (i.e. r 0 is very tiny) is enough to support the throat of wormholes.
More interestingly, our result studied so far is independent of the choice of the interior metric ansatz. For example, in the inhomogeneous setup of the interior metric, the same features on the formation of wormholes are obtained, implying that the throat of the wormhole appears at the very moment of the emergence of the exotic matter with no gravitational collapse process as for the black hole formation.
In this paper, we studied the wormhole formation in the context of the Oppenheimer-Snyder type collapse scenario. One might consider the matter with varying equation-of-state parameter -initially satisfying the NEC and it violates the NEC as time goes by. In this case, one might construct the dynamical formation of the wormhole geometry as like the case of the black hole formation. Work on this issue is in progress.
